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Propagation of microlocal solutions through a
hyperbolic fixed point
By
Jean-Franc¸ois Bony∗ , Setsuro Fujiie´∗∗, Thierry Ramond∗∗∗
and Maher Zerzeri†
Abstract
The aim of this note is to review [BFRZ], where we have studied existence, uniqueness and
the asymptotics of the microlocal solutions of a semiclassical pseudodifferential equation near a
hyperbolic fixed point of its symbol. Here we focus on the construction of these solutions, that
we write, as in [He-Sj 2], as superpositions of time-dependent WKB solutions. The large time
asymptotic expansion of the phase and the symbol, which plays a crucial role, is described. We
also give a detailed treatment of the one-dimensional case.
§ 1. Introduction
This paper is devoted to the description of the propagation of semiclassical singular-
ities for pseudodifferential operators on L2(Rd), d ≥ 1, in the case where their associated
Hamiltonian vector field presents a hyperbolic fixed point. We have obtained a complete
description of this phenomenon in [BFRZ], and our main aim here is to review what
concerns the representation of the solutions near the fixed point. For applications to
scattering theory, we send the reader to [ABR1] and [ABR2].
In this first section, we recall some well-known results concerning the simplest one-
dimensional operator with such a hyperbolic fixed point. We study the asymptotic
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2 J-F.Bony, S.Fujiie´, T.Ramond & M.Zerzeri
with respect to a semiclassical parameter h → 0. Here λ is a positive constant (it
will play an important role in the d-dimensional case), and z is a spectral parameter
bounded with respect to h. In this model, the potential −λ2x2/4 presents a non-
degenerate barrier at x = 0 and the energy hz is close to the maximum value 0. In this
one dimensional simple case, we describe here the solutions in terms of Weber functions.
The discussion in the general multidimensional case will use a different approach.
















About (1.2), the following facts are well known:




Here Hk is the Hermite polynomial of degree k.
(Q2) If ν ∈ C \ (N + 1
2
)
, the Weber function
Dν−1/2(y) =
1














and Dν−1/2(−y) are solutions to (1.2). This integral is convergent only for Re ν < 12 ,
but continues analytically to C \ (N + 12 ) by integration by parts (it has in fact a simple
pole at each point in N + 12 which is canceled by the Gamma prefactor).
Going back to the original variables, we obtain the following facts about (1.1):
(P1) If z = −iλ(k + 12), k ∈ N, then zh is a resonance for P , and the corresponding
resonant state is










The function uk is an “outgoing” wave for x→ ±∞ in the sense that its frequency set
is included in the outgoing stable manifold of the corresponding classical Hamiltonian
vector field (see (1.5)).
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is a solution to (1.1). With the formal change of variable η = e−pii/4
√
λ
h ξ, it becomes















Now we define, modifying the contour of integration to (0,∞) and inserting a cutoff
function χ which is identically equal to 1 on the interval [0, R] for a large R > 0,















Then we see that Iiz/λ−1/2(x, h) is a quasimode. More precisely, for |x| < R, we have
(P − hz)Iiz/λ−1/2(x, h) = O(h∞).
In fact, the left hand side is the same integral as (1.3) with χ replaced by its derivatives,
whose support does not contain any stationary point of the phase. Moreover, u(x, h) =
const · Iµ(x, h) +O(h∞) on L2([−R,R]).
Proposition 1.1. Suppose µ stays in a compact subset of C \N for any h small
enough. Then Iµ has an asymptotic expansion in powers of h uniformly for x in any
compact subset of R \ {0}: if x > 0, there exists a symbol a(x, h) ∼∑∞k=0 ak(x)hk with
a0 = 1 such that








and if x < 0, there exist symbols b(x, h) ∼ ∑∞k=0 bk(x)hk with b0 = 1 and c(x, h) ∼∑∞
k=0 ck(x)h














Here a(x, h) ∼ ∑∞k=0 ak(x)hk means that for any N ∈ N, a(x, h) −∑Nk=0 ak(x)hk =
O(hN+1).




2 be the phase function. The values of ξ which contribute to the principal terms of the
asymptotic expansion are the origin ξ = 0 and the critical point ξ = −x of f(x, ξ) (only
in the case x < 0). Let ε > 0 be a sufficiently small number and χ(ξ) a cutoff function
which is 1 for 0 ≤ ξ ≤ ε and 0 for ξ ≥ 2ε. We set
Iµ(x, h) = I
1
µ(x, h) + I
2
µ(x, h),










For the principal term of I1µ, we can ignore
ξ2
2
in the phase and get






















, a ∈ R \ {0}, 0 < Re p < 1.
Next we calculate I2λ by the stationary phase method. When x > 0, there is no
critical point and hence I2µ = O(h∞). When x < 0, assuming 2ε < −x < R and using






















Let us now see this result microlocally in the phase space. Let




be the classical Hamiltonian associated with the Schro¨dinger operator P . The solution





































































The origin (x, ξ) = (0, 0) is a fixed point, and
Λ± =
{




are the outgoing and the incoming stable manifold respectively, namely, Λ± is the set
of points from which the integral curve converges to the origin as t→ ∓∞ respectively.
Let us investigate the frequency set of the solutions to (1.1) (see §4.1 for the def-
inition and some properties of the frequency set). First by Theorem 4.3, we know for
any solution u ∈ L2(Rd) to (1.1) with ‖u‖ ≤ 1 that
FS (u) ⊂ Char (P ) =
{





= Λ+ ∪ Λ−.
Next we study the frequency set of the solutions we obtained in (P1), (P2). In case
(P1), by Proposition 4.2, we have
(1.5) FS (uk) = Λ+.
In case (P2), we set Λ± = Λ
+
± ∪ Λ−±, where
Λ+± = {(x, ξ) ∈ Λ±; x > 0}, Λ−± = {(x, ξ) ∈ Λ±; x < 0}.





FS (Iµ) = Λ+ ∪ Λ−−.
More precisely, we see that





The solution Iµ(x, h) describes the wave coming from x < 0 to the origin and scat-
tered to the positive and the negative directions. In the same way, Iµ(−x, h) describes
the wave coming from x > 0 to the origin and scattered to the positive and the negative
directions.
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Thus Proposition 1.1 is interpreted as follows: The wave coming from x < 0 along






















In case (P1), on the other hand, the wave is purely outgoing. In the general case,
this is related to the fact that the outgoing wave is determined by the incoming wave if
and only if zh is not a resonance.
This paper is organized as follows: In §2, we state the results of [BFRZ], which deals
with the multidimensional general case. In §3, we survey how to construct microlocal
solutions on the outgoing stable manifold in terms of the data given of the incoming
stable manifold. In §4, we recall the notion of microlocal solution (§4.1), sketch the
theory of expandible solution (§4.2), perform an exact calculus for the one-dimensional
example of §1 using the technique of §3 (§.4.3) and finally give some brief proofs for
Propositions in §3 (§4.4).
§ 2. Microlocal Cauchy problem near a hyperbolic fixed point
§ 2.1. Classical mechanics
We suppose that the real-valued function p(x, ξ) ∈ C∞(R2d; R), defined in a neigh-
borhood of the origin in Rdx × Rdξ , behaves like









as (x, ξ) → (0, 0),
where 0 < λ1 ≤ λ2 ≤ · · · ≤ λd are constants.
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The origin (x, ξ) = (0, 0) is a fixed point of the Hamilton vector field Hp. The lineariza-




































This matrix has d positive eigenvalues {λj}dj=1 and d negative eigenvalues {−λj}dj=1.
The eigenspaces Λ0± corresponding to these positive and negative eigenvalues are re-
spectively outgoing and incoming stable manifolds for the quadratic part p0 of p:
Λ0± =
{




(x, ξ) ∈ R2d; ξj = ±λj
2
xj , j = 1, . . . , d
}
.




(x, ξ) ∈ R2d; exp(tHp)(x, ξ)→ (0, 0) as t→ ∓∞
}
.
The tangent space of Λ± at (0, 0) is Λ
0
±. The manifolds Λ± are Lagrangian manifolds
and can be written
Λ± =
{





where the generating functions φ± behave like






(|x|3) as x→ 0.
Now suppose ρ± = (x±, ξ±) ∈ Λ± \ {(0, 0)}. Then by definition exp(tHp)ρ± →
(0, 0) as t→ ∓∞. More precisely,





±µkt as t→ ∓∞,
where
0 < µ1 < µ2 < · · ·
are the linear combinations over N of {λj}dj=1, and in particular µ1 = λ1. The γ±k (t) are
vector valued polynomials in t, and in particular γ1 is an eigenvector of Fp corresponding
to ±λ1 and independent of t (remark that γ1e−λ1t is a solution to (2.3)).
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For the proof, see the remark after Corollary 4.10. In the sequel, we will also denote
the x-space projection of the vector γ±1 (ρ±) by X
±
1 (ρ±).
Remark. If the remainder term of p in (2.1) is independent of ξ, then p is the
classical Hamitonian associated to the Schro¨dinger operator P = −h2∆ + V (x):





x2j +O(|x|3) as x→ 0.
The potential V (x) reaches its local non-degenerate maximum 0 at the origin. In this
case, by the symmetry with respect to ξ, one has
φ−(x) = −φ+(x), Λ− = {(x,−ξ) ∈ R2d; (x, ξ) ∈ Λ+}.
In this case, if ρ± = (x,±ξ), then
X+1 (ρ+) = X
−
1 (ρ−) =: X1(x).
§ 2.2. Microlocal Cauchy problem and its uniqueness
Suppose p ∈ S0h(1), i.e. p(x, ξ) ∈ C∞(R2d; R) is uniformly bounded with respect to















When p is of the form (2.5), it is the semiclassical Schro¨dinger operator
(2.6) P = −h2∆ + V (x).
For a small neighborhood Ω of (0, 0) and ε > 0 small, we consider the microlocal
Cauchy problem in the sense of §4.1:
(2.7)
{
Pu = hzu in Ω,
u = u0(x) on C := Ω ∩ Λ− ∩ {|x| = ε}.
Remark that the initial surface C is transversal to the Hamilton flow. The spectral
parameter z may be complex but in a disc of center 0 and radius bounded with respect
to h.
We start with a uniqueness result for this problem. For the proof, we send the
reader to [BFRZ, Section 4]. Let r be any positive number and z complex number,
which may depend on h, in a disc D(r) := {z ∈ C; |z| < r}.
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Theorem 2.2. There exist a positive δ and a h-dependent finite set Γ(h) ⊂





> hC for some C > 0, and if u0 = 0, then the solution u ∈ L2(Rd)
of (2.7), satisfying ‖u‖ ≤ 1, is 0 in a neighborhood Ω′ of the origin.
Remark. In the analytic category (i.e. p is analytic near the origin and the
microlocal solution is defined with the microsupport MS instead of the frequency set
FS, see §4.1), we have the same theorem with more precision on the set Γ(h). In fact,







); (α1, . . . , αd) ∈ Nd
}







In the C∞ case, Helffer and Sjo¨strand ([He-Sj 1]) have constructed the asymptotic
expansion (in powers of h1/2) of the eigenvalues at the bottom of a potential well.
The set of the first terms of the expansion is E0. This means that −iE0 is included in
Γ(h) modulo O(h). We expect that, modulo O(h∞), Γ(h) is the set of −i times the
eigenvalues obtained in [He-Sj 1].
If u = 0 in Ω′, it is 0 also on Λ+ by Theorem 4.3. Hence this result can be expressed
as follows: The microsupport propagates from the incoming stable manifold Λ− to the
outgoing stable manifold Λ+ under a generic assumption on the energy z.
§ 2.3. Transition operator
Theorem 2.2 says that the data u0 given on Λ− ∩ {|x| = ε} uniquely determines
the solution u at any point ρF = (xF , ξF ) on Λ+ (if it exists). Our problem now is
to construct u near ρF in terms of u0 which, restricted to the initial surface C, has its
support in a small neighborhood of a point ρI = (xI , ξI) ∈ C.
For the sake of simplicity, we assume in the following that P is a Schro¨dinger
operator (2.6), see [BFRZ] for the general case.
We make two generic assumptions; one is on the spectral parameter z and the other
is on the initial point ρI = (xI , ξI) ∈ C and the final point ρF = (xF , ξF ) ∈ Λ+:
(A1) There exists ν > 0 such that dist(z,−iE0) > ν.
(A2) X1(xI) ·X1(xF ) 6= 0.
In particular, X1(xI) 6= 0. This means that, in case λ1 < λ2, the Hamilton flow starting
from ρI converges to the origin tangentially to the x1-axis. In case λ1 = λ2, also, we
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can assume, without loss of generality, that the x1-axis is parallel to X1(xI). Since p
is of real principal type near ρI , we can modify the initial surface C so that it is given
by {x1 = ε} ∩ Λ− near ρI . Hence, denoting xI = (ε, x′I), the initial data u0 on C is a
function of x′ in a small neighborhood of x′I and 0 elsewhere.
Before stating the existence theorem, we state two lemmas describing the behavior
of classical quantities, which appear in the principal part of the representation formula
of the solution u.














The proof is obvious from (2.4) and Proposition 2.1.
Lemma 2.4. For y′ near x′I and η





−|η′|2 − V (ε, y′), η′)
be the point in {x1 = ε} ∩ p−1(0) and(




the Hamiltonian trajectory starting from the point ρ(y′, η′). Then the Jacobian
J(t, y′, η′) := det
∂x(t, y′, η′)
∂(t, y′)












See (3.24) for the proof.
Theorem 2.5. If dist(z,Γ(h)) ≥ νh, for some ν > 0, then the microlocal
Cauchy problem (2.7) has a solution u (unique thanks to Theorem 2.2). Microlocally
near ρF = (xF , ξF ), it has the following representation formula
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and the symbol d ∈ S0h(1) has the following asymptotic expansion





where 0 = µˆ0 < µˆ1(= µ2 − µ1) < µˆ2 < · · · is a numbering of the linear combinations
of {µk − µ1}∞k=0 over N, and dk(x, y′, lnh) are polynomials in lnh. In particular, d0 is




























§ 3. Construction of the microlocal solution
§ 3.1. Expression on Λ−
On Λ−, we first write the solution u of (2.7) by means of Fourier integral operators,



















Since u is a solution to the equation of (2.7), the phase function ψ should verify
the eikonal equation
(3.2) |∂xψ|2 + V (x) = 0,
and, if the symbol b has an expansion of the form





each term bk should satisfy the transport equation
(3.4) 2∂xψ · ∂xbk + (∆xψ − iz)bk = i∆xbk−1, k ≥ 0.
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Here we used the convention b−1 = 0.
On the other hand, the initial condition of (2.7) for u reads for ψ and b
ψ|x1=ε =x′ · η′,(3.5)
b|x1=ε =1.(3.6)














−V (ε, y′)− η′2, η′); y′ near x′I} ⊂ p−1(0),
is a Lagrangian manifold whose projection to the x-space is a diffeomorphism. Hence
the generating function is the solution to (3.2), (3.5) (if the constant is suitably chosen):
Λη′ =
{















−|η′|2 − V (ε, y′), η′),
and let
ρ(t, y′, η′) =
(




be the evolution by the Hamilton flow. Λη′ and Λ− intersect transversely at a point
on x1 = ε. Recall that Λ− = {(x, ξ) ∈ R2n; ξj = −λj2 xj + O
(|x|2), j = 1, . . . , d}. We






















the following results are well known in the theory of WKB analysis (see [MF]).
Proposition 3.2. The function J(t, y′, η′) verifies
J(0, y′, η′) =− 2
√






∆ψ(x(τ, y′, η′), η′)dτ.(3.9)
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Proposition 3.3. The solution b to the Cauchy problem (3.4), (3.6) exists lo-
cally and uniquely. In particular,
(3.10) b0(x(t, y





§ 3.2. From Λ− to a neighborhood of the origin
3.2.1. WKB solution to the time-dependent Schro¨dinger equation
The WKB solution eiψ/hb in the integral (3.1) cannot be continued to a full neigh-
borhood of the origin (x, ξ) = (0, 0) because the origin is a singularity of the Hamilton
vector field Hp. In order to overcome this problem, we use an idea of Helffer and
Sjo¨strand in [He-Sj 2], and express this WKB solution on Λ− as h-Fourier inverse trans-








′)/ha(t, x, η′;h) dt.
Note that here the factor eiEt/h = eizt for the h-Fourier inverse transform is taken into
account in the symbol a. Now u is of the form










The time-dependent phase ϕ(t, x, η′) and the symbol a(t, x, η′;h) ∼∑l al(t, x, η′)hl
satisfy respectively the eikonal equation
(3.13) ∂tϕ+ |∂xϕ|2 + V (x) = 0
and the transport equation
(3.14) ∂tal + 2∂xϕ · ∂xal + (∆xϕ− iz)al = i∆xal−1, l ≥ 0
(a−1 ≡ 0). We should solve these equations so that (3.11) holds.
For this purpose, we first take a hypersurface
Γ0 =
{





in Λη′ containing ρc(η
′), and a Lagrangian manifold Λ0 intersecting transversally with
Λη′ along Γ0. Notice that
Λ0 ∩ p−1(0) = Γ0.
Let Γt and Λt be the evolution by the Hamilton flow of Γ0 and Λ0 respectively:
Γt = exp(tHp)Γ0 ⊂ Λ′η, Λt = exp(tHp)Λ0.
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We see that Λt is a Lagrangian manifold and that if ε is sufficiently small, then Λt
(restricted suitably to a neighborhood of ρc(t, η
′)) projects nicely to the x-space for
every large t and hence there exists a generating function ϕ(t, x).
Λt =
{





It is determined modulo a function of t but by the eikonal equation (3.13) it is determined
modulo a constant.
The x-space projection of Γt can be written as
ΠxΓt =
{
x ∈ Rd; ∂ϕ
∂t
(t, x) = 0
}
.
In fact, if (x, ξ) ∈ Γt = Λt ∩ p−1(0), then ξ = ∂ϕ∂x and ξ2 + V (x) = 0, namely, |∂ϕ∂x |2 +
V (x) = 0 which means ∂ϕ
∂t
= 0 by the eikonal equation (3.13).
In other words, for each x near the curve {xc(t, η′); t ≥ 0}, let t = t(x, η′) be the
time at which x ∈ ΠxΓt. Then t(x, η′) is a critical point of ϕ.
Proposition 3.4. The function ϕ(t, x, η′) defined above is a solution to (3.13).
Moreover, there exists a neighborhood of the curve {xc(t, η′); t ≥ 0} such that for any











t(x, η′), x, η′
)
> 0,
(3.16) ψ(x, η′) = ϕ
(
t(x, η′), x, η′
)
.
Next, we calculate the asymptotic expansion of the right hand side of (3.11) coming
from the critical point t(x, η′) using the stationary phase method. The condition that
this expansion coincides with the WKB solution of the left hand side of (3.11) together
with the transport equation (3.14) determines all the al(t, x, η
′)’s successively in the






t(x, η′), x, η′
)a0(t(x, η′), x, η′).
3.2.2. Asymptotic behavior at large time
Both the phase function ϕ(t, x, η′) and each term of the symbol ak(t, x, η
′) is ex-
pandible in t in the sense of §4.2.
Proposition 3.5. As t→ +∞
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where
(3.19) ψ˜(η′) = x′c(η
′) · η′ − φ−(xc(η′)),
and φk(t, x, η
′) is a polynomial in t. In particular φ1 is independent of t and given by
(3.20) φ1(x, η





The vector X1(x) is given at the end of § 2.1.





λj − iz. As t→ +∞,






In particular, a0,0(x, η
′) is independent of t.
Let us calculate a0,0(0, η










we restrict ourselves to the curve xc(t, η
′). First, we have
















Integrating (3.23) from 0 to t and taking its exponential, we see, by (3.9), the















This limit is a function of η′, but we write J∞(y
′) as function of y′ = x′c(η
′).









































Taking the limit t→ +∞ after multiplying by eSt, we get, by (3.24),
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§ 3.3. From a neighborhood of the origin to Λ+
The integral on the right hand of (3.11) is convergent when ReS > 0. But it is well
defined also for ReS ≤ 0 under the assumption (A1). In fact, since ϕ− φ+ − ψ˜(η′) =














ϕ− φ+ − ψ˜(η′)
))m
+O(e−(S+Nλ1)t).
The last term of the right hand side is exponentially decaying for sufficiently large N .
On the other hand, the integral in t of the first term of the right hand side is a finite
sum of the form




modulo convergent integrals. Here p and l are some non-negative integers, see also
(3.29). We give a meaning to this integral setting Ip(ζ) =
p!
ζp+1
which is the analytic
extension of Ip(ζ) from {ζ ∈ C; Re ζ > 0} to Cζ \ {0}. It is important to remark that
the assumption (A1) implies S + µl 6= 0.
Proposition 3.5 and Proposition 3.6 together with the formula (1.4) lead to the
following proposition:





′)/ha(t, x, η′;h) dt = hS/λ1ei(φ+(x)+ψ˜(η
′))/hc(x, η′;h),






Here 0 = µˆ0 < µˆ1 < µˆ2 < · · · are the linear combinations over N of the set {µk−µ1}∞k=1,







exp( Spi2λ1 i sgnφ1)
λ1|φ1(x)|S/λ1 a0,0(x, η
′).
Remark. The set {µk}k∈N is a subset of {µˆk}k∈N and they satisfy the additive
property:
(3.29) {µk}k∈N + {µk}k∈N = {µk}k∈N, {µˆk}k∈N + {µˆk}k∈N = {µˆk}k∈N.
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The principal symbol c0(x, η
′) satisfies the transport equation
(3.30) 2∂xφ+ · ∂xc0 + (∆φ+ − iz)c0 = 0.
This is an ordinary differential equation along Hamilton flows on Λ+. Let ρ = (x, ξ) be

























































On the other hand, using Proposition 2.1
x(t) = X1(x)e
λ1t +O(e(µ2−δ)t) as t→ −∞,
and (3.20), we have





for any δ > 0. Inserting this into (3.31) and taking the limit t→ −∞, we obtain
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§ 3.4. Stationary phase method with respect to η′
We apply the stationary phase method for the integral (3.34) with respect to η ′.
The phase function is
ψ˜(η′)− y′ · η′ = x′c(η′) · (η′ − y′)− φ−(xc(η′)).
Since η′ = ∂φ−
∂x′
(xc(η
′)), y′ = x′c(η
′) at the critical point η′ = η′(y′), and the critical









































diag (λ2, . . . , λd) +O(|x′|).







′)−y′·η′)/hc(x, η′;h) dη′ = e−iφ−(ε,y
′)/hd(x, y′;h),
where d(x, η′;h) is as in Theorem 2.5.
The asymptotic form (2.10) of the symbol d follows from (3.29) and the formula
(2.11) of the principal term d0 of d follows from (3.26), (3.33) and (3.35). Thus we get
Theorem 2.5.
§ 4. Appendix
§ 4.1. Microlocal solution and frequency set
We say that a distribution u(x;h) ∈ L2(Rd) depending on h with ||u|| ≤ 1 is equal
to 0 at a point (x0, ξ0) in the phase space T
∗Rd if there exists an open neighborhood ω




2/(2h)u(y;h) dy = ON (hN ) as h→ 0
uniformly on ω. The complement of the set of such points is called frequency set and
denoted by FS(u). FS(u) is a closed set, see [Ma].
For a pseudo-differential operator P = OpWh (p), u is said to be a microlocal solution
at (x0, ξ0) of the equation Pu = 0 if (x0, ξ0) /∈ FS (Pu).
Here are some fundamental properties of frequency set, for more details see [Ma].
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Proposition 4.1. If u is independent of h, then
FS(u) = WF(u) ∪ (Supp u× {0}) ,
where WF(u) is the wave front set of u.
Proposition 4.2. Let u(x, h) = a(x, h)eiφ(x)/h, where φ(x) is a real-valued C∞
function in a domain Ω in Rd and a(x, h) is a C∞ symbol on Ω, i.e. a(x, h) is bounded
in Ω uniformly with respect to h with all its derivatives. Then
FS(u) ⊂
{





Let now u ∈ L2(Rd), ‖u‖L2 ≤ 1, satisfy Pu = 0 with a real-valued symbol p ∈
S0h(1).
Theorem 4.3 (Propagation of singularities). The frequency set of u is included
in the characteristic set
FS(u) ⊂ Char (P ) := {(x, ξ) ∈ R2d; p(x, ξ) = 0}.
Moreover, if exp(tHp)(x0, ξ0) exists for t ∈ (T0, T1), (T0 < 0 < T1) for (x0, ξ0) ∈ R2d,
(x0, ξ0) ∈ FS(u) ⇐⇒ ∀t ∈ (T0, T1), exp(tHp)(x0, ξ0) ∈ FS(u).
§ 4.2. Expandible solution
Let ν(x,∇x) be a vector field of the form
(4.1) ν(x,∇x) = A(x)x · ∇x, A(0) = diag(λ1, . . . , λd),
where 0 < λ1 ≤ · · · ≤ λd are positive constants, and consider the Cauchy problem
(4.2)
{
∂tu+ ν(x,∇x)u =v(t, x)
u|t=0 =w(x).








































Put now x = exp(tν)(x0). Since x0 = exp(−tν)(x), exp(sν)(x0) = exp(−(t − s)ν)(x),
we get






t− s, exp(−sν)(x)) ds.







exp(−tν)(x) = (e−λ1tx1, . . . , e−λdtxd).
Let Ω be a suitable neighborhood of 0 in Rd.




xu(t, x) = O(e−(µ−ε)t|x|(M−|α|)+),
in [0,∞)× Ω.
The map exp(−tν) : Ω → Ω is well defined and
| exp(−tν)(x)| = O(e−λ1t|x|), |DktDαx exp(−tν)(x)| = O(e−λ1t),
for x ∈ Ω, t ≥ 0 and for all k ∈ N, α ∈ Nd. It is easy to check the following lemmas.
Lemma 4.5. Suppose w = 0. If v ∈ O∞(e−λt|x|N ) with Nλ1 ≥ λ, then u ∈
O∞(e−λt|x|N ).
Lemma 4.6. If w ∈ O(|x|N) and v = 0, then u ∈ O∞(e−Nλ1t|x|N ).
We will see that the solution u to the Cauchy problem (4.2) is expandible in the
following sense:
Definition 4.7. Let µ1 < µ2 < · · · be the series of linear combinations over N
of λ1, . . . , λd. A function u(t, x) ∈ C∞
(
[0,∞)×Ω) is said to be expandible if there exist
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where cα(t) are polynomials in t.
























Hence if u1 satisfies the first equation of (4.5), aα(t) should satisfy




The equation (4.6) has a polynomial solution aα(t) with
deg aα =
{
deg cα if δα 6= 0
deg cα + 1 if δα = 0.

































Proposition 4.8. Suppose v(t, x) is expandible and v = O(|x|N) with N ≥ 1.
Then the solution u(t, x) of the Cauchy problem
(4.7)
{
∂tu+ ν(x,∇x)u =v(t, x)
u|t=0 =0
is also expandible.
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In the case where ν = ν0, Proposition 4.8 holds by the preceeding argument.
In the general case, let ν ∼ ν(0) + ν(1) + · · · , where ν(k) is homogeneous of order
k + 1. Expanding also u ∼ u(N) + u(N+1) + · · · , the equation becomes
[
∂t + (ν











(N) + ν(0)u(N) = v(N),
∂tu
(N+1) + ν(0)u(N+1) = v(N+1) − ν(1)u(N),
and in general for M ≥ N ,
∂tu
(M) + ν(0)u(M) = v(M) − ν(1)u(M−1) − · · · − ν(M−N)u(N).

















where (+1) occurs only for a finite number of α for each k. Therefore, for each k, deg akα
is uniformly bounded with respect to M , since it is so for ckα(t).









There exists dk independent of M such that deg a
k
α ≤ dk for all α.
We can construct a realization u¯ such that
u¯ ∼ u(N) + u(N+1) + · · · , u¯|t=0 = 0.
Letting u˜ := u − u¯, it remains to show the existence of an expandible solution u˜ =
O(|x|∞) such that {
∂tu˜+ ν(x,∇x)u˜ = v˜
u˜|t=0 = 0.
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This is done by proving the following proposition by induction in N :
u˜ = u˜N + v˜N
with expandible and O(|x|∞) function u˜N and O∞(e−µN t|x|∞) function v˜N . We leave
this to the reader.
Theorem 4.9. Proposition 4.8 holds for time-dependent vector field
(4.8) ν˜(t, x,∇x) = A(t, x)x · ∇x, A(t, x) = A(x) + A˜(t, x),
where A(x) is as in (4.1) and A˜(t, x) is expandible.
Remark. If we add µ0 = 0 in the definition of expandibility, Theorem 4.9 holds
without the assumption N ≥ 1.










then the solution of the Cauchy problem{
∂tu+
(









Remark. The solution to the homogeneous equation{
∂tu+ ν˜(t, x,∇x)u = 0
u|t=0 = w,
is also expandible since u − χ(t)w(x) =: u¯, where χ(t) is a cutoff function near t = 0,
satisfies {
∂tu¯+ ν˜(t, x,∇x)u¯ = −χ(t)ν˜w
u¯|t=0 = 0,
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which means by Theorem 4.9 that u¯ is expandible.




when the vector field is independent of t (i.e. ν˜ = ν).
Taking xj as the initial data w, we see that exp tν(x) is expandible. This fact also





0, ξ0) on the incoming stable
manifold Λ− is expandible. In fact, x(t) satisfies{
x˙(t) = ∇ξp(x,∇xφ−(x))
x(0) = x0,
where ∇ξp(x,∇xφ−) = −diag(λ1, . . . , λd)x+O(|x|2).
§ 4.3. The one-dimensional model
Eventually we come back to the one-dimensional model







and recover the results of §1 by using the constructions of §3. Here λ > 0.
Recall that the Hamilton flow, the stable manifold and the generating function of
p(x, ξ) = ξ2 − λ24 x2 are given by
exp(tHp)(x, ξ) =
(
cosh λt 2λ sinhλt
λ












, φ±(x) = ±λ
4
x2.











j, satisfies the time-dependent
Schro¨dinger equation
(4.9) ih∂tv − h2∂2xv + (V (x) + hz)v = 0.
From (4.9) follow the eikonal equation






and the transport equation
(4.11) ∂taj + 2ϕx∂xaj + (ϕxx − iz)aj = i∂2xaj−1, j ≥ 0, and a−1 ≡ 0.
Propagation of microlocal solutions through a hyperbolic fixed point 25








passing by the point transversely to Λ−. The evolution of Λ0 by the Hamilton flow is
Λt = exp(tHp)Λ0 =
{





This is a Lagrangian manifold and the generating function is
(4.12) ϕ(t, x) =
λ
4
x2 − λεxe−λt + C(t),
where C(t) is arbitrary but independent of x. Substituting (4.12) to the eikonal equation
(4.10), we get
(4.13) ϕ(t, x) =
λ
4
x2 − λεxe−λt + λ
2
ε2e−2λt.
Next we solve the transport equations. With ϕ given by (4.13), (4.11) becomes
(4.14) ∂taj + λ(x− 2εe−λt)∂xaj + (λ
2
− iz)aj = i∂2xaj−1.
This is an ordinary differential equation along the curve x(t) = εe−λt + δeλt for any δ.













Let j = 0. The initial condition a0(0, x) = C(x) gives
a0(t, x(t)) = C(ε+ δ)e
−(λ/2−iz)t,
namely
a0(t, x) = C(ε+ xe
−λt − εe−2λt)e−(λ/2−iz)t.







× C(ε+ xe−λt − εe−2λt)e−(λ/2−iz)tdt.(4.15)
4.3.1. Asymptotic expansion on Λ− When x < 0, there is no critical point. This
implies that
(4.16) Λ−− ∩ FS(u) = ∅.
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When x > 0, the critical point t = t(x) of ϕ is















ϕtt(t(x), x) = λ







Hence by the stationary phase method, one obtains














where S = λ2 − iz.
4.3.2. Asymptotic expansion on Λ+ Here we calculate the contribution from
t = +∞ of the integral (4.15). It gives the asymptotic expansion of u on Λ+.
Since
ϕ(t, x) ∼ λ
4
x2 − λεxe−λt, C(ε+ xe−λt − εe−2λt) ∼ C(ε),
as t→ +∞, we have
































4.3.3. Transition operator Finally we compute u on Λ+ when the initial data
u0 is given on C ⊂ Λ−. In this one-dimensional setting, C is the set with two points
{(ε,−λε), (−ε, λε)}. We give an abritrary number u0 ∈ C at (ε,−λε), and we fix 0 at
(−ε, λε).
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Comparing the initial condition and the results (4.16), (4.17) in §4.3.1, the arbitrary
















Substituting this into (4.18), we obtain

















In other words, the transition operator J is a multiplication by a function of x, ε, z, h,


















§ 4.4. Brief proofs of the propositions in §3
Proof of Proposition 3.2 : Differentiating the canonical equation
d
dt
x(t, y′, η′) = 2
∂ψ
∂x






































Proof of Proposition 3.3 : The transport equation (3.4) is an ordinary differential
equation along the Hamilton flow and b0
(





β(t) + (∆ψ − iz)β(t) = 0.
The initial condition is β(0) = b0
(
x(0, y′, η′), η′
)
= b0(y
′, η′) = 1. Then
(4.21) b0
(
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and (3.10) follows from (4.21) and (4.20). 
Proof of Proposition 3.5 : We first show that ϕ is expandible, see [He-Sj 2]. Let
us introduce new symplectic local coordinates (x, ξ) centered at (0, 0) such that Λ− is
given by x = 0 and Λ+ is given by ξ = 0. Then
p(x, ξ) = A(x, ξ)x · ξ,
where the matrix A(0, 0) has the eigenvalues λ1, . . . , λd and we may assume that
A(0, 0) = diag(λ1, . . . , λd).









We check the following proposition by induction:
(H)N The function ϕ verifies ϕ = ψN + rN where ψN = O∞(e−λ1t|x|) is expandible,
rN = O∞(e−Nλ1t|x|N+1) and rN |t=0 = 0.
By Taylor expansion with respect to rN , we get




ν˜N :=∇ξp(x,∇xψN ) · ∇x





∂tψN + p(x,∇xψN )
)
is O∞(e−Nλ1t|x|N+1) and expandible. Let ρN be the solution to{
∂tρN + ν˜NρN = fN ,
ρN |t=0 = 0.
then, by Theorem 4.9 and Lemma 4.5, which holds also for t-dependent ν˜, ρN =
O(e−Nλ1t|x|N+1) is expandible. Now we put
ϕ = (ψN + ρN ) + (rN − ρN ) =: ψ2N + r2N .
We see that r2N = O∞(e−2Nλ1t|x|2N+1) since it satisfies{
∂tr2N + ν˜Nr2N = O∞
(
e−2Nλ1t|x|2N+1)
r2N |t=0 = 0.
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Hence (H)N implies (H)2N .
It remains to prove (H)1. We first see that
ϕ(t, x) = O∞(e−λ1t)





, see also [He-Sj 2]. This estimate implies
ϕ(t, x) = ϕ(t, 0) + x · ∇xϕ(t, 0) +O∞
(
e−λ1t|x|2).
Differentiating the eikonal equation
∂tϕ+A(x,∇xϕ)x · ∇xϕ = 0
with respect to x, and substituting x = 0, ξ(t) := ∇xϕ(t, 0) satisfies
ξ˙(t) + tA(0, ξ(t))ξ(t) = 0.
Then ξ(t) is expandible by Remark 4.2 since tA(0, 0) = diag(λ1, . . . , λd). Hence (H)1
holds.
It follows that ϕ is expandible also in the original coordinates.


































































Finally we compute the asymptotic behavior (3.20) of φ1(x, η
′) as x → 0. With-
out loss of generality, we can change the canonical coordinates such that φ±(x) =









= ∇φ−(x(t)), we obtain







〈∇2φ+(xc(t))(x− xc(t)), x− xc(t)〉+O(e−λ1t|x− xc(t)|2).
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. Thus by Proposition 2.1, we have








− λ1X1(x) · x+O
(|x|2))e−λ1t +O(e−µ2t).

Proof of Proposition 3.6 : The transport equation (3.14) is of the form
(4.22) ∂tu+ Ax · ∂xu+ s(t, x)u = v(t, x)




e−µktsk(t, x), s0(x) = ∆φ+(x)− iz.
Let r(t, x) be the solution to the Cauchy problem{
∂tr +Ax · ∂xr = −s
r|t=0 = 0,
and set
u = eru˜, v = erv˜.
Then the 0th order term of (4.22) vanishes:
∂tu˜+ Ax · ∂xu˜ = v˜(t, x).





and in particular we see that
r0(t, x) = r0(t, x)− s0(0)t = r0(t, x)− St.
Then again by Theorem 4.9, eStu(t, x) is expandible, since so is eStv(t, x). 
















ρk(− log s, x)sµˆk
)
.
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This form of expansion is invariant for the inverse, i.e. the variable s is solved in terms



























where α = ϕ(0,x)−φ+(x)−ψ˜(η)φ1(x) , and putting furthermore σ






βk(− log τ, x)τ (S+µˆk)/µ1−1dτ,







The last integral is not well-defined for S+µˆkµ1 ∈ −N = {0,−1,−2, . . .}, that is,









for some α1, . . . , αd, N ∈ N. If α1 ≥ N, this z is excluded by (A1). On the contrary,
the other cases corresponding to α1 < N never occur because we already know, by the
argument at the beginning of § 3.3, that our solution u is holomorphic outside −ihE0.
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